n = empirical exponent dependent on flow regimes in
the two phases

Ny. = hD/k;, Nusselt number

Np, = (pc/k)L, Prandtl number for liquid

Nre = (1 — x)GrD/p,,

Ny = GrD/pg - {1 — x + x(pr/py) 72}
Ny = GrD/pr - {1 + (pr — po)x/pu}®

P = pressure

g” = heat flux rate based on inside tube area

T = temperature

T+ (8*) = dimensionless temperature

Ts = saturation temperature of vapor

Tw = inside wall temperature

v = local velocity in liquid film

v, = shear velocity

vt = v/v.

x = vapor quality, that is, local mass fraction of vapor
to total flow

z = axial coordinate from tube inlet

Greek Letters

a = void fraction

b = film thickness

8+ = dimensionless film thickness 8v./u;,

{ = dimensionless axial location z/L

pr = dynamic viscosity of liquid

v, = kinematic viscosity of liquid

pr. = density of liquid

¢ = two-phase multiplier, ratio of two-phase frictional

pressure gradient to single phase flowing only

X = two-phase multiplier, ratio of local frictional pres-
sure gradients of the two phases

Subscripts

f = liquid phase flowing at mass velocity (1 — x)Gr

fr = frictional

g = vapor phase flowing at mass velocity x Gr

m = momentum

t = total static
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Countercurrent Equilibrium Stage
Separation with Reaction

PAUL A. NELSON
Shell Development Company, Emeryville, California 94608

SCOPE

A number of reactions of commercial interest are limited
in their attainable extent of conversion by unfavorable re-
action equilibrium. The most common schemes for over-

Paul A. Nelson is with Shell Oil Company, Technical Computing
Center, P. O. Box 20127, Houston, Texas 77025.
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coming this limitation are to feed one of the reactants,
generally the cheapest one, in great excess or to separate
and recycle the unconverted reactants in the reactor efflu-
ent or a combine of both methods. In some cases it is pos-
sible to remove continuously one or more of the products
from the reaction zone and thereby drive the reaction
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toward completion. Cossider for example a reaction of the
type
A+B=C+D

where B and D are more volatile than A and C. It has
been suggested that a distillation column might be a very
efficient reactor for this case (Figure 1). The liquid feed
to the top stage of the column [, would be pure A, and the
vapor feed to the bottom stage vy, would be pure B.
Reactant B is absorbed into the liquid phase where the
reaction takes place, and product D is stripped out of the
ligiud phase and carried out the top of the column. In such
a device, given enough stages and adequate residence time
it should be possible to achieve any desired extent of con-
version,

The proposal that a reaction may be profitable carried
out in a fractionation column is nearly 50 years old (2).
The equations which describe a reaction in any equilibrium
stage device are not difficult to write down. At present,
however, no generally applicable technique has appeared
for obtaining the solution to these equations without mak-
ing some rather severe restrictions. Invariably, these re-
strictions take the form of a priori specifications on the
stage temperatures and the phase flow rates. Generally
the form of the reaction rate expression is restricted as
well.

The literature on computational methods for handling
chemical reaction in an equilibrium stage device is rela-
tively sparse. Leyes and Othmer (12) reported some cal-

culations on the esterification of butanol with acetic acid.
Hofmann (10) described a graphical technique which he
applied to the production of furfural from xylose. Other
examples appear in the literature (5, 7, 9, 15). In all
these, however, the calculation proceeds no further than
the solution of material balance equations. The phase rates
and stage temperatures are initially specified and are not
modified by the ensuing computation.

Reported here is a technique for solving the equations
which describe distillation with reaction without restricting
the form of the reaction rate expression. Phase flow rates
and stage temperatures are also determined. The formula-
tion of a mathematical model of the process relies on the
following assumptions:

1. Each stage is a perfectly mixed reactor, with the
reaction taking place in the liquid bulk. The liquid com-
position in any stage is homogeneous and equal to the
composition of the liquid leaving that stage. Realization of
this assumption requires that the reaction rate be slow
compared with the rate of mass transfer between phases.

2. The vapor leaving any stage is in physical equilib-

rium with the liquid in that stage.
The second assumption, while not necessary, considerably
simplifies the problem. The first assumption also leads to
simplification, since its violation implies the violation of
the second. For any actual system, the first assumption
should be carefully checked. When necessary, it can be
removed by reformulating the reaction rate expression to
include the effect of the rate of mass transfer,

SUMMARY

The solution of the complete problem is quite difficult.
It was quickly found that the classical methods of solving
the equations which describe distillation columns, for ex-
ample, Thiele-Geddes, Lewis-Matheson, etc., do not con-
verge when a nonlinear reaction rate expression is in-
cluded. In order to solve the problem, a new approach was
used which built heavily upon recent advances in the field
of distillation calculations without reaction.

According to Friday and Smith (6) virtually all the
modern published methods of solving equilibrium stage
problems proceed as follows. [An exception is the method
of Greenstadt, Bard, and Morse (12).] Initial estimates of
the stage temperatures and phase flow rates are used to set
up continuity equations, the solution of which gives the
composition of each component on each stage. Since the
initial estimates of temperature and flow rate are incor-
rect, the constraints of material balance (the component
mole fractions must sum to unity) and heat balance (the
enthalpy flows must sum to zero) at each stage will fail to
be satisfied. The amount and direction of heat and material
imbalance are used to adjust the initial estimates to a new
set of estimated values. This procedure is iterated until
successive changes in temperature and phase flow rates
are negligible. The various techniques differ in the way in
which they use heat and material imbalances to correct
the temperature and phase flow rates.

This general scheme is followed in solving the problem

with reaction. Initial estimates of temperature and phase
flow rate are used to set up the continuity equations for

Page 1044 September, 1971

component concentrations. Since the equations for com-
position are nonlinear, an iterative technique must be used
to solve them. The particular one used is the Newton-
Raphson method., At a given step, one looks ahead to see
what composition the Newton-Raphson method will yield
for each component on the next iteration provided that the
temperatures and phase flow rates are left unchanged.
This is done by actually solving the equations for the next
iteration. From this calculation the expected heat and
material imbalance on each tray can be determined. Ana-
lytical expressions are developed for the derivatives of
these imbalances with respect to the current estimate of
temperature and phase flow rate on each stage. These
derivatives can be used to estimate the changes required
in the current values of temperature and phase flow rate so
that the predicted heat and material imbalances are zero
for the next step. In effect, nonlinear iterative techniques
are being applied on two levels: in an inner loop to cal-
culate component concentrations; and in an outer loop to
calculate the temperature and phase flow rates needed to
satisfy the heat and material balances.

For the outer loop the Newton-Raphson method has not
been found satisfactory. As the solution is approached, its
use may lead to wild excursions in the estimates of tem-
peratures and flow rates. This is a well-known shortcoming
of the method. A slight modification, known as the method
of damped least squares, can be used to damp out large
excursions and to stabilize the approach to a solution. This

technique has demonstrated rapid and reliable convergence
for the limited number of cases on which it has been tested.
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RECENT WORK ON DISTILLATION

The formulation and convergence of the equilibrium
stage problem without reaction have been analyzed by
Friday and Smith (6). They concluded that no single tech-
nique is uniformly applicable to all problems of this type.
Methods designed for handling close-boiling distillation
problems fail for absorption and extraction, and vice versa.
They were able to achieve some understanding of why
this is so, and found a class of problems intermediate to
these two extremes which was incapable of solution by any
technique known to them. They suggested that a Newton-
Raphson technique might be developed which would solve
this class of problems, although they assumed that numeri-
cal differentiation would be needed to establish the Jaco-
bian matrix. Tierney and Bruno (I16) have pursued this
suggestion and have developed a Newton-Raphson pro-
cedure which gives a partial solution to the problem. Using
the material balance constraint, the phase rate profile is
calculated if the temperature profile is initially specified
and held constant, or vice versa. They did not use the
enthalpy balance to complete the solution. A major con-
tribution of their paper was the demonstration that the
necessary Jacobian matrices could be obtained by analytic
differentiation. More recently, Tierney and Yanosik (17)
have completed the analysis by generating the Jacobian
matrices based on the enthalpy balance.

In this paper it is shown how the problem of counter-
current equilibrium stage separation with reaction may be
solved using an algorithm which is a nontrivial extension
of the work of Tierney and his collaborators. Consideration
is also given to nonideal vapor-liquid equilibrium. The
complication introduced by these additions is that the
material balance equations are no longer linear in compo-
sition. This rather obvious fact has more subtle implications
for the temperature and phase flow rate profile correction
step. In the mathematical treatment which follows, ana-
lytic expressions are derived for the Jacobian matrices
required for a Newton-Raphson technique. In practice it
has been found preferable to use the method of damped
least squares, but this involves only a slight modification
of the algorithm. The latter method exhibits greater sta-
bility as the solution is approached.

MATHEMATICAL MODEL

A diagram of the general countercurrent equilibrium
stage device is shown in Figure 1. For convenience the
stages are arranged vertically and the streams leaving
stage 1 are labeled ; and v;. As an example of a process of
this type we will consider a tray column in which liquid and
vapor flow countercurrently. The method is not restricted
to this case, however, and can be applied equally well to
any process of this type with two distinguishable streams.
With appropriate modification in the flow connection
matrices L and V, to be defined shortly, the restriction to
countercurrent flow can be removed. The general equilib-
rium stage problem, in which N stages are connected in any
desired fashion, can be attacked in this manner.

The assumptions used in the model have already been
outlined. As a result of the second assumption, the concen-
tration of component j in the vapor leaving stage { is given
by

yii = Kiy(bs xa, iy o oo e Xip) Xij (1)

The matrix formulation of the equilibrium stage problem
first proposed by Amundson and Pontinen (1) has been
generalized by Tierney and Bruno (16). The notation used

AIChE Journal (Vol. 17, No. 5)

here is based on that of the latter authors. We consider N
stages with M components.

The material balance for component j around stage i
may be written

— by — vy + lLimwxion; + Cirirrg + fii =0 (2)
i=12...N
i=1L2,...M

For the configuration shown in Figure 1, f;; is nonzero only
for i = 1 or N, where the external feeds streams are [, and
Un+1, respectively. All of the equations for component §
can be grouped together and written in matrix notation:

LX® + VYD 4 FO 4+ RD =0, j=1,2,..... M (3)

The N-dimensional column vectors X, Y® F@ and
R are composed of the elements xi;, yi;, fi;, and 7y, re-
spectively. The N X N dimensional matrices L and V con-
tain the following elements:

Ly=-—1
Livii=1

Vi=—1u “
Vi1 =i

with all others being zero. Tierney and Bruno show how
the definition of L and V may be generalized such that
Equation (3) describes the material balance for more gen-
eral flow patterns than the countercurrent scheme con-
sidered here. It is convenient to define further a set of
N X N dimensional matrices K> with diagonal elements
K = K;;. Equation (3) can then be further simplified
to
§) = ZWXWD 4 FB 4 RD =

i=L2,....M (5)
where

ZD = L + VK® (6)

Equation (5) must be satisfied for each component §.

Another set of equations is obtained from the require-
ment that the mole fractions of all components for either
phase in"each stage must sum to unity;

M
XD —U=0
j=1
(7)
M
2 YD —U=0
j=1
where U is an N-dimensional vector in which each element

is unity. The two Equations (7) are not independent. They
are both implied by the single vector equation

M
Dm = 2 (XD — YD) =0 (8)

i=1
According to Amundson and Pontinen the form of the
constraint in Equation (8) is preferable to either of

Equations (7) for computation.

A final set of equations is obtained from an enthalpy
balance around each stage:

— i —og+ Lo+ 0isigie1 =0 (9
These terms are calculated as the sum of the partial molar

enthalpies of the components, so that the heat of reaction
is included implicitly in Equation (9). Defining H and G
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to be N-dimensional vectors composed of the elements hi
and g;, respectively, and Qy to be the vector representing
the total enthalpy of the external feed to each stage, we
obtain

D.,=LH+VG+ Q=0 (10)

The variables in this problem are the N X M liquid
mole fractions x;;, the N temperatures t;, and the N vapor
rates v; Vapor-phase mole fractions are found through
Equation (1), and liquid rates are obtained in terms of
vapor rates through an overall material balance

=01+ h—0 (11)

QN-ll vN

N
AN l vV N+1
Fig. 1. Countercurrent equilibrium  stage
column.
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This gives a total of N(M + 2) variables, which are deter-
mined such that the N(M + 2) equations contained in
Equations (5), (8), and (10) are satisfied. The feed rates
ly and vy are considered to be specified, as well as the
feed compositions and temperatures. Together with rela-
tions which determine K;; and r;; as functions of tempera-

ture and composition, this is sufficient to determine the
problem.

METHOD OF SOLUTION

When there is no reaction and the dependence of Ky
on the liquid composition can be neglected, the exact
solution of Equations (5) is particularly easy since they
can be decoupled into M systems of linear equations of
the form:

ZHOXD = — FD (12)

in which the matrices Z¥) are tridiagonal. When a non-
linear reaction rate term is included in Equation (3), di-
rect solution is not possible and an iterative scheme must
be employed. The most obvious approach is to calculate
R% on the basis of estimated values of the composition
variables and rearrange Equation (5) to the following

form, which can be solved for new estimates of the com-
positions:

XWyyy = ZW0 [ F9 — RD(X,)] (13)

It can be shown that when the reaction rate is of order
greater than unity this approach will fail to converge in
general (3, 13).

As an alternate to this first-order approach, it is possible
to develop an approximate Newton-Raphson method. The
approximation consists of neglecting the derivatives
(ary;/0xx) and (8K;;/9xi) for all k 5« j, This can only be
justified a posteriori on the basis of the convergence or
divergence of the iterative procedure. It appears to work
(}]uite well in the cases tried so far. The significance of
this step is that it decouples the interaction between com-
ponents, allowing one to solve an N-dimensional problem
M times in going from one iteration to the next, rather
than an N X M dimensional problem once. Having made
this approximation, we find the formula for a Newton-
Raphson iterative procedure to be (14)

. a5, 1 .

XD, =X, — [ B-}-(”T])' ERCH
In Equation (14) the defect vector s,’ and the Jacobian
matrix (8s,77/8X,) are evaluated using the composition
from the n + 1t iteration for xy, k < j, and from the
nt® jteration for k = j

o (3) — ¢ (D) (6 )] 2) G- w .., X 5
' = Sn (Xn+1 Xn+1 : "Xn+1 ’Xn n (15)

(14)

Substituting the form of s from Equation (5) into Equa-
tion (14)

X"(j) +

K oR, ]—1
X, ) &
[ZOX P + FD 4+ Ry

QK> i 6Rn(5)]“1
90X, @ " + X9

[ S X
; : . .
X X PEKnD s XD — PO — R(J)] (16)

X = X — [ ASLINV g

—_ [er)+v
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where (0K@/4X,#) X, and (8R,/8X,?) are diago-
nal matrices composed of the elements (9K;;/8X;;) Xi; and
(9ri;/8X;), respectively, for i = 1, 2, ... N. The matrix
ZG 4 (V KD/3X, D) Xo@ + (3R /38X, D) is tri-
diagonal, and Equation (18) is easily solved, for example,
using Thomas’ method (11). The application of Equation
(18) successively to all components j = 1, 2, ... M results
in a closer approximation to the solution of Equation (5)
at the given values of ¢; and v;.

The temperature and vapor rate profiles are the inde-
pendent variables, on which the compositions are de-
pendent through the material balances. The size of the
problem is reduced from N(M + 2) to 2N variables in
this way. In order to use a Newton-Raphson method for
correcting the temperature and vapor rate, it is necessary
to obtain the Jacobian matrices indicating the variation in

(1 — Ky3) Xy KXy — Xy;
§2]‘ - §lj Xij — KoiXy;
9ZG 3j — Agj
— X = .
av
Xn; ~ Xn-14

composition with changes in the independent variables.
The method used by Tiemey and Bruno is to differentiate
Equation (5) with respect to any one variable, say ¢,
and rearrange to obtain the column vector (8X%/ét;).
If this is done for all i = 1, 2, ... N the series of column
vectors generated can be arranged into the Jacobian matrix
(0X9/8t). When R is included as a nonlinear function
of X¥, the situation is slightly more complex. This is be-
cause the differentiation must take into account the fact
that at any iteration Equation (5) is only approximately
satisfied, and s 2¢ 0. In this case the correct procedure
is as follows. First the material balance correction equa-
tion, Equation (16), is used to determine a set of com-
positions X", This is the N X M matrix of compositions
which we will have after the next iteration if the tem-
perature and vapor rate profiles are left unchanged. On
the basis of this set of compositions, the definitions in
Equations (8) and (10) can be used to determine the
defect vector D,,” and D, which will be obtained after
the next iteration, again provided that ¢ and v are left
unchanged. The object now is to estimate the changes in
t and v which must be made, so that after the next itera-
tion, Equations (8) and (10) will be satisfied, that is,
D,, = 0 and D, = 0. In order to estimate the required
changes, Equation (16) is differentiated with respect to
each of the independent variables ¢; and v;.

Differentiation of Equation (16) with respect to ¢ yields

X ( ) QK@D ) OR,(P )—1
S i) W
at 204V 89X, X + 8X,»

( 9K . aR, P iU AR axrae
1% X + —_ ________) 17
at T T “ ox® ot (17)

The final term in Equation (17) is necessary because of
the sequential solution of the mass balance equations by
components. By the time the equation for component j is
solved, the composition will have been updated for all
components numbered less than j. This results in a change
in the reaction rate which is accounted for by the final
term. It is convenient in this term to replace R by «;R
where R is the reaction rate on each tray, and o; is the
stoichiometric coefficient of component j according to the
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usual convention—positive for products, negative for re-
actants. The matrix represented by this term is simply
carried along as an accumulated sum. If there is more
than one reaction, an additional term is needed for each
reaction. The matrix (6K/8t) X’¢ is diagonal, with
elements (aK,;j/ati) X/ij for i = 1, 2, ...N.
Differentiation of Equation (16) with respect to v yields

X/ ) oK @R\
— 9 XD
Pk (Zf +V6Xn”’X"J +6Xn"")
FYAS i1 FY: B ) L2
Xf(j)+ CN\? ____,_____) 18

It can be shown that the matrix (6Z@/dv) X’ has the
following structure:

KsiXs; — Xai |
Xoj — KaXsy | - (19)

having elements only in the first column, along the diago-
nal, and along the superdiagonal.

We now have a measure of the variation in X’ caused
by variations in ¢ and v. This information is used in taking
the derivatives of Equation (8) and Equation (10). These
derivatives are

aD,’ M X"
— = I — KWy ——ro 0
ov 2 ( ) ov (20)
i=1
oD, M [ X’ KW ]
= [ — K0Y) e — X/ @ a1
dat 2 ( ) ot at (21)
oD _ ‘i [Lﬁ ) 4 VK@ é 2 aX_,(j) + (22)
v % 90 ¢
D, M [ A A XD
e - LH @ 4 VK G &
at 21 ( ) ot
j=

A 9KD _
+ VG @ TX'(’)] + LIgig) + Vlvapy (23)

The previously undefined matrices £ Tqiq), and Tvap)
have the following meaning. £ has the structure

hy — g1 g — M
hz“g1 hl—gz gs — hy
&= ha-‘"h2 hz—ga (24)
: gn - hn—l
hy — By hp_y — En

Taigy is a diagonal matrix, the elements of which are the
heat capacities of the liquid streams leaving each tray.
T(yapy is similarly defined for the vapor phase.

In Equations (20) through (23) the quantities D" and
D, are primed to remind us that these are not the current
values of the mass and energy defect vectors, but the
values which will be obtained on the next iteration of
Equation (16) if no change is made in the vectors v and ¢.
We would like to change v and t in such a way that these
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defect vectors become zero. Were we to do this using the
linearized equations, the next estimate of ¢ and v would be
given, according to the Newton-Raphson method, by

aD,,’ dDy’
v v av dut
. ; aD,’ aD,’
n+l n v at

The notation in Equation (25) may be simplified by writ-
ing it as
aw = — JID. (26)

As a solution is approached, the Newton-Raphson
method has been found to be unreliable, often yielding
large excursions in the estimations of ¢ and v. No satisfac-
tory explanation for this is available in the present circum-
stance, but it is known to be a not uncommon shortcoming
of the method. The Newton-Raphson method is equivalent
to choosing from the linearized equations, that set of values
of t and v which minimizes DTD. A more stable procedure
results when ¢t and v are chosen to minimize the quantity
DTD + a(Aw)T(Aw), making the excursion in ¢t and v
part of the minimization prob%em. This is known as the
method of damped least squares (4), and has the effect
of preventing wild variations in the values of ¢ and v. The
solution to this new minimization problem is given by

Aaw = — (JT] + «l)~YT™D (27)

which replaces Equation (26), where « is the damping
factor. When o = 0, Equation (27) reduces to Equation
(26). As « is increased, the step size decreases, and for
« suitably large, convergence can be achieved. A con-
venient value which combines relatively rapid convergence
with stability has been found to be 0.003 times the average
value of a diagonal element in the JT] matrix.

A

EXAMPLE

As an example, we return to the reaction type with

Du’
—_———— (25)

D¢

-4
3
o
w S~ FINAL
g PROFILE
2
g -
a.
=
E —
-2
ORIGINAL
\/ ESTIMATE
| ! ] 1
1 2 3 4 5 6
TRAY NUMBER
Fig. 2. Temperature profile convergence.
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which this discussion was begun
A+B=C+D

with B and D more volatile than A and C. For the rate of
reaction we take the nonlinear, and autocatalytic, expres-
sion

R = Ki[CI{[A][B] — K.[C][D]}

The chemical process for which the foregoing technique
was developed includes a reaction of this type. The process
is of potential commercial interest, and details of the chem-
istry cannot be disclosed. A qualitative discussion should
serve to illustrate the general findings.

A column with five equilibrium stages was simulated,
with the temperature and vapor rate profiles initially as-
sumed flat. The subsequent excursions of these profiles are
indicated in Figures 2 and 3. Following the fifth iteration,
the final profiles were approached systematically, and con-
vergence was declared after 23 iterations. Execution time
on a UNIvac 1108 was 5 sec. The approach to convergence
is shown also in Figure 4, where the norm of the defect

vector \/[[Dm|[¥ + [[De|[? is plotted versus iteration num-

ber. This figure is interesting since it shows convergence

w
=
<
~4
4
g —5
<>( FINAL
\fROFILE
ORIGINAL
ESTIMATE
3
— -—
-— 2
I ! | I
1 2 3 4 5 3

TRAY NUMBER

Fig. 3. Yapor rate profile convergence.
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Fig. 4. Convergence of iterative process.

not to be monotonic. No good explanation for this phe-
nomenon is available. The most likely answer is to be
found in the interaction between the nonlinear solution
techniques being applied at two levels. This is still an
open question, however.

NOTATION

D, enthalpy defect vector, defined in Equation (10)

y
il

defect vector in mole fraction summation con-
straint, Equation (8)

D = vector consisting of D, and Dy, together

F% = vector composed of elements fi;, i = 1,2,....N

fi = external feed rate of component j to tray i

G = vapor stream enthalpy vector

A

G @ = vapor stream partial enthalpy for component j

g = enthalpy of vapor stream leaving stage

H = liquid stream enthalpy vector

A

H ¥ = liquid stream partial enthalpy for component j

hi = enthalpy of liquid stream leaving stage i

I = identity matrix

J = Jacobian matrix, defined by comparison of Equa-
tions (25) and (26) ,

K@ = djagonal matrix with elements K;;,i = 1,2,.... N

Ki; = vapor-liquid equilibrium constant for component
f on tray i

L = liquid flow connection matrix, defined in Equation
(4)

l = vector of liquid flow rates

M = number of components

N = number of stages

AIChE Journal (Vol. 17, No. 5)

R = vector representing the rate of reaction in each
stage

R% = vector composed of elements ry; i = 1,2,.... N

r; = rate of creation of component j on stage i by re-
action

s = material balance defect, defined by Equation (5)

t = temperature, profile vector

U = column vector with each element equal to unity

V= vapor flow connection matrix, defined in Equation
(4

v = vapor rate profile vector

w = 2N dimensional vector of variables, composed of
vand ¢

X@ = vector composed of elements x;; i = 1,2,....N

x;; = liquid mole fraction of component j in stage i

Y@ = vector composed of elements y;; i = 1,2,....N

Yy = vapor mole fraction of component j in stage i

Z¥ = tridiagonal matrix defined in Equation (6)

a = damping factor, defined in Equation (18)

@;j = stoichiometric coefficient for component j in reac-
tion

I = diagonal matrix of molar heat capacities for liquid
or vapor streams

& = matrix defined in Equation (24)

Subscripts

i = generally used in reference to tray number

i = generally used in reference to component number

n = generally used to number iterations

Superscripts

T = transpose of a matrix

(j) = refers to component j

’ —

value to be calculated on the next iteration of the
material balance equations, provided v and ¢ are
unchanged
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